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Abstract 

We give bosonizations of the superalgebras U q (sl(N\l)) and U qtP (sl(N\l)) for an arbitrary level 



k € C. We introduce the submodule by the £-r) system, that we call the q-Wakimoto realization. 

o 

(N 
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1 Introduction 

Bosonizations are known to be a powerful method to construct correlation functions in not only conformal 
field theory pQ, but also exactly solvable lattice models [2]. The quantum algebra U q (g) and the elliptic 
algebra U qtP {g) play an important role in exactly solvable lattice models. The level parameter k plays 
an important role in representation theory for U q {g) and U q , p (g). Bosonizations for an arbitrary level k 
are completely different from those of level k = 1. In the case for level k = 1, bosonizations have been 
constructed for quantum algebra U q (g) in many cases g = (ADE)^ r \ (BC) (1 \ sl(M\N), osp{2\2)^ 
[3j[6j|4j[5j[7j|8j|9l[T0]. Using the dressing method developed in non- twisted algebra [11] and twisted algebra 
A { 2 ] [32], we have bosonizations of the elliptic algebra U q<p (g) for g = (ADE)^\ (BC) {1 \G ( 2 ] and A^ ] . 
In the case of an arbitrary level k, bosonizations have been constructed only for U q (sl(N)) [H] [T^l ITS] , 
U q (sl(2\l)) [IT], U qtP (sl(N)) [IT], and U q>p (sl(2\l)) [19 . In this paper we give a bosonization of the 
quantum superalgebra U q (sl(N\l)) for an arbitrary level k [20] . Using the dressing method developed in 
|19j . we give a bosonization of the quantum superalgebra U q:P (sl(N\l)) for an arbitrary level k. The level 
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k bosonizations on the boson Fock space of U q (sl(N)) and U q (sl(N\l)) [T6] [TT1 [20] are not irreducible 
realizations. The construction of the irreducible highest weight module V(A) is nontrivial problem. We 
recall the non-quantum algebra sZ(2) case [2T]. The irreducible highest weight module V(X) for the 
affine algebra si (2) was constructed from the Wakimoto realization on the boson Fock space [T3] by the 
Felder complex. We recall the quantum algebra U q (sl(2)) case [Mj [15l [22] . The irreducible highest weight 
module V(A) for U q (sl(2)) was constructed from the level k bosonizations on the boson Fock space [1"4"1[T5] 
by two steps; the first step is the resolution by the system, and the second step is the resolution by the 
Felder complex (22] 121] . The submodule of the quantum algebra U q (sl(2)), induced by the £-rj system, 
plays the same role as the Wakimoto realization of the non-quantum algebra sl(2). We would like to call 
this submodule induced by the £-77 system "the q- Wakimoto realization" . Constructions of the irreducible 
highest weight module V(X) for U q (sl(N)) (N > 3) and U q (sl(N\l)) (N > 2) are still an open problem. 
In this paper we study the £-77 system and introduce the q- Wakimoto realization for the superalgebra 
U q (?l{N\l)) and U q , p (sl(N\l)). 

This paper is organized as follows. In section 2, after preparing notations, we give the definition of 
the quantum superalgebra U q (sl(N\l)) and the elliptic superalgebra U qyP (sl(N\l)). In section 3 we give 
bosonizations of the superalgebras U q (sl(N\l)) and U qiP (sl(N\l)) for an arbitrary level k. In section 4 
we introduce the q- Wakimoto realization of by the £-77 system. 

2 Superalgebra U q (sl(N\l)) and U qj> (sl{N\l)) 

In this section we recall the definitions of the quantum superalgebra U q (sl(N\l)) [18] and the elliptic 
deformed superalgebra U q>p (sl(N\l)) [19] for N > 2. We fix a complex number q ^ 0, \q\ < 1. We set 

q a - q~ a 

[x,y] = xy-yx, {x,y} = xy + yx, [a\ q = _ . (2.1) 

Let us fix complex numbers r, k G C, Re(r) > 0, Re(r — k) > 0. We use the abbreviation r* = r — k. We 
set p — q 2r . We set the Jacobi theta functions 

where we have used 

00 

Q p (z) = (z;p) 00 (pz~ 1 ;p) 00 (p;p) 00 , (z;p)oo = TJ (1 - p rn z). (2.3) 

m— 

The Cartan matrix (Ai t j)o<i,j<N of the affine Lie algebra sl(N\l) is given by 

Mj = (v% + Vi+t)<>i,j - Vi5ij + i - v i+ i5 i+1 j. (2.4) 
Here we set V\ — ■ ■ ■ = = +, vn+i = vq—. 

2.1 Quantum superalgebra U q (sl(N\l)) 

In this section we recall the definition of the quantum affine superalgebra U q (sl(N\l)). 
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Definition 2.1 [18] The Drinfeld generators of the quantum superalgebra U q (sl(N\l)) are 

x± m , h i<m , c, (KKJV.meZ). (2.5) 

Defining relations are 

c : central, [hi, hj <m ] = 0, (2-6) 

[ai, m ,h jtn } = [Ai ' jm]q[Cm]q q- clml S m+n , (m.^0), (2.7) 

171 

[hi,xf{z)] = ±A id xf(z), (2.8) 



[tH, m ,xUz)] = [Ai ' jm]q q- clm[ z m xHz) (m + 0), 
J m J 



(2.9) 



[-4 



[h ltm ,xj(z)} = - 1 ^ ,q z m xJ(z) (m^O), (2.10) 

(«i - q ±A ^z 2 )xf{z 1 )xf(z 2 ) = {q ±A ^ Zl - z 2 )xf(z 2 )xt(z 1 ) for ^ 0, (2.11) 

xt( Zl )xf(z 2 ) = a^(z2)a^(zi) for |A M | = 0, ^ (N, N), (2.12) 

{4(z!),x±(z 2 )} = 0, (2.13) 

s 

[xt(zi),xj{z 2 )] = j- _ q -i) ZlZ2 {5{<f C Zl/z 2 )^i{q^z 2 )-5(q c z 1 /z 2 )il}~{q-^z 2 )) , 

for (i,j)^(N,N), (2.14) 

(2.15) 



{xj}(zi),x N (z 2 )} = * (<% c zi/z 2 )^(g2 22 ) - < 5( g c 2l /z 2 )V' A r(g ^2)) 

w 9 )z\z 2 



(xf(zi)xf(z 2 )xf(z) -(q + q 1 )xf(zi)xf(z)xf{z 2 ) + xf(z)xf{zi)xf{z 2 )) 

+ ( Zl ^z 2 )=0 for = \,i£N, (2.16) 

where we have used S(z) — J2mez zm ■ Here we have used the abbreviation hi = /i^o- We have set the 
generating function 



x tW = Y, x tmZ- m -\ (2.17) 

m£Z 

^f{q^z) = q^expUq-q-^^^mZ-A, (2.18) 

V m>0 / 



(-(q-q-^Y^h 

\ m>0 



C(<T**) = q-»>e X p\-(q-q- L )yh^ m z m \. (2.19) 



2.2 Elliptic Superalgebra C/, iP (si(iV|l)) 

In this section we recall the definition of the elliptic superalgebra U qjP (sl(N\l)). 

Definition 2.2 [19] The elliptic superalgebra U q , p (sl(N\l)) is the associative algebra generated by 
the currents E j (z),F j (z),Hp(z) (1 < j < N) and B j>m (l < j < N,m e Z^ ), hj (1 < j < N) that 
satisfy the following relations. 

[hi,Bj >m ] = 0, [Bi, m , Bj^n] — — — — — — -= — Y^^m+nfii (2.20) 
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[hi,Ej{z)] = AijEjiz), [huFjiz)} = -AijFjiz), 
[B t , m , Fj (z)] = - [Al ' Mq[ ^} q z m F 3 (z). 



m [rm] q 

For 1 < i, j < N such that (i,j) ^ (N,N) they satisfy 



Ui — u 2 — 



Ai.j 



E i (z 1 )E j {z 2 ) = 



Ml - U 2 + 



Ui -U 2 + 



[Eiiz^Fjizi)] 



F l (z 1 )F J (z 2 ) = 
5, 



A, 



Ml — U 2 — 



E j (z 2 )E t {z 1 ), 



F j (z 2 )F i (z 1 ), 



3V ' zn (q-q 1 )z 1 z 2 
{E N ( Zl ), E N (z 2 )} = 0, {F N ( Zl ), F N (z 2 )} = 



(S(q- k z 1 /z 2 )H i (q r z 2 ) - 5(q k Z 1 /z 2 )H i (q- r Z 2 )) 



{E N { Zl ),F N {z 2 )} = 



1 



(q-q 1 )z 1 z 2 



(6(q- k Z 1 /z 2 )H N (q r Z 2 ) - S(q k z x j Z 2 )H N {q~ r z 2 )) 



For 1 < i, j < N they satisfy 

H t { Zl )H {z 2 ) 

HiizJEjfa) 
H l (z 1 )F 1 (z 2 ) = 



[u 2 -u 1 -^}*[u 2 -u 1 + ^] 

■ s —H j {z 2 )H i (z 1 ), 

[u 2 - ui + -^-\* [u 2 -m — 

t ^E^Hiiz!), 



[Ux - u 2 + — 
[«1 - «2 + £ - ^r] 

[ui - u 2 + § + 

[Ul - U 2 + 2 2 



Ai,. 



Fj(z 2 )Hi(zi). 



For 1 <i,j < N,(i ^ N) such that \Aij \ = 1, they satisfy the Serre relations. 



Ei(zi)Ei(z 2 )Ej(z 



„2r*-A; ,■ _2_. „2r 
y z 2 ' y 



-(q + q-^E^E^E^) 



2r*+A t:] z_. 2r* 



(<1 



oo 

2r*+A ; j 22 . n 2r* 



, £2 2r \ 
z ' * / c 



+E j (z)E i (z 1 )E i (z 2 ) T^-a,A^ Lr^AlJr (j) 



+Ai,i £2. 2r* 

2! '« 



(q 2r *- 



■Ai,i 22. ■ a 2r 

21 ' q 



/ OO 



+ (zi «■ z 2 ) = 0, 



(2.21) 
(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
(2.27) 

(2.28) 

(2.29) 
(2.30) 
(2.31) 



(2.32) 



Fi(z\)Fi(z 2 )Fj(z\ 



-(q + q- 1 )F i (z 1 )F J (z)F l (z 2 ) 



(^r+^.^r)^ (g2r+>U,ii; g 2r^ V Z J 

(? 2r - Ai ^;9 2r ) (« 2r - A '-^;g 2r ) (X 

V / oo 



Mi, 



( (? 2r+A,, 3 ^. (? 2r) ( q2 r+A l:J 22. . q 2r^ 
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+F j (z)F i (z 1 )F i (z 2 ) 



n j u „ u ^ {q2r+A ,^. q2r)oo{q2r+A ^ f . q2r)oa y Zi 



' 2r-Ai,i£2 . „2r 

. y 7., > y 



— (°°4 (ylM+AM) + (*i ^> 22) = 0. (2.33) 



„2r+Ai ; £2 . 2r 

. y ' z, ' y 

' 00 



.ffere we ftawe used Zj = q 2 



3 Bosonization 

In this section we give bosonizations of the superalgebras U q (sl(N\l)) and U qtP (sl(N\l)) for an arbitrary 
level k [T71 HH [2D] ■ 

3.1 Boson 

We fix the level c = k e C. We introduce the bosons and the zero-mode operators a J m , Q J a (m € Z, 1 < 
j < N), b%,Qi j ( m eZ,l<kj<JV+l), <&', Q« (fflgZ,l<t<j< iV). The bosons <, 6#, <«, 
(to e Z^o) and the zero-mode operators Oq, 6q J , Q^'- 7 , Cq .Q 1 ^ satisfy 

[a m ,a J n \ = — <Wn,o, [a ,Q J a \ = [k + TV - lJAj, (3.1) 

[to] 2 

] = -^j—^-^i'^jd'Sm+nfi, [^O^ > Qf, ^ ] = i (3-2) 

, , [ml 2 , , 

] = L ^ L 8i,vtjJ>tm+n,o, [c l 6 3 ,Ql J ] = (3.3) 

We impose the cocycle condition on the zero-mode operator QV , (1 < i < j < N + 1) by 

[Q^QF] = «j,JV+i^'^+iW=l for + (i',f). (3.4) 
We have the following (anti) commutation relations 

\e Q l' 3 ,e Q *' 3 ' =0 (1 < i < j < N, 1 < i! < j' < N), (3.5) 
U Q » ,e Q » j=0 (l<i^j<N). (3.6) 

We use the standard symbol of the normal orderings ::. In what follows we use the abbreviations 
b t ' j {z), C ^(z),b^ j (z),ai(z) given by 

b^(z) = - V p£-z~ m + Qi J + ft^'log*. c^(z) = - V ^-z- m + Q« + c^logz, (3.7) 

&| i (2) = ±(g-g- 1 ) ^ /,;•': "' : i^'logg, a£( Z )=±(g-g- 1 ) £ ± a J logq. (3.8) 

±m>0 ±m>0 

3.2 Quantum Superalgebra U q (sl(N\l)) 

In this section we give a bosonization of the quantum superalgebra U q (sl(N\l)) for an arbitrary level k. 
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Theorem 3.1 JM/ The Drinfeld currents xf(z), i>f{z), (l<i<N) of U q (sl(N\l)) for an arbitrary 
level k are realized by the bosonic operators as follows. 



xf(z) = {q L_ ^ : exp (V + cy<\ q i- l z) + |>y+ V 1 *) - W*))) x (3.9) 
x {cxp - (6 + c^+V*)) ~ ex P (^V^) - (& + c) jVi+1 (^- 2 z)) } :, 

(z) = £ : exp(( & + c ) J ''"(g^ (3.10) 



AT 

3=1 



x-(z) = q k + N ^ : exp ( fl ;( 9 ^z) - b^ N+ \q k+N - l z) - b l + l - N+l {q k+N - 1 z) + b i+1 > N+1 (q k+N z)) : 
1 

+ 7 nrE :ex p( ffl -(^ z )) x ( 3 - n ) 



j- 

JV 



((b + cy^ + \q- k ^z) + b^ l+ \q- k - n z)-b l + 1 - n+ \q- k - n+1 z)^ 



X 



cxp( 2 (b l l' +1 ( q - k - l+1 z)-b l l\q- k - l z))+ ^^V^-^V^+M) 
i=j+i l=»+i 



x {exp ( /-''(,/ * '•; - (6 + c^'fa-*-* 1 - 1 *)) - exp (-6^(?- fe ^2) - (b + c) J ' i (<r fc ~ i ~ 1 «)) } 

+ ? {exp(aL(g- i± ^ i z) + (6 + C r+ 1 (g- fe - l z) 

(g-g !)z L V 

+ E (6- - ^'''(g-*-^ 1 *)) + V± N+ \q- k - N z) - b^ N+1 (q- k - N+1 z)\ 

i=i+i ) 

- exp (a\(q h± ^ 1 z) + {b + c)^ +1 (q k+l z) 

+ (b^(q k+l z)-b^ U (q k+l - 1 z)) + bX N+ \q k+N z)-b^ N+ \q k+N - 1 z))\ 



l=i+l 

1 JV_1 fc N 1 

— j- :cxp(aV(9 i± ^ i z)"l x 



x exp ((& + c)^+ V + ^) + b+ N+1 {q k+N z) - bf 1 ' N+1 (q k+N - 1 z)) x 

f] (6^(Q fc +^) - 6!+ 1 ' / (g A; + Z - 1 z)) ) x {cxp{b i + 1 ' J+1 (q k ^z)-(b + cy+^+ 1 (q k +^ 1 z^ 
!=i+i / 

.( ft |+iJ+i(gfc+J z ) - (6 + c ) i + 1 ^+ 1 (g fe +J- 1 z))} : . 



x exp 



exp i 



N-l 



x~ N (z) = _ 1 { J2 <?~ l : ex P { aN (l-'^z)) x (3.12) 



i=i 

N-l 



x exp 



-q" +1 {q- k ~3z)-& tf+1 (q- k -*- 1 z)- £ (^(g-^) + b l f +1 {q- k ~ l z)) \ x 



{exp (-^(g-fc-J'z) - (& + c )J> iV ( g - fe --'- 1 2)) - exp (-6 J J iV (g- fe - J 2) - (6 + c) j > N (q- k ~ j+l z)) } : 



+ q N -' : {cxp (< (g**^*) - b N < N+ \q k+N - 1 z)) - exp (a N {q- h± ^ ± z) - b N > N+1 (q- k - N+1 z)) } :} 

iPfiq+h) = exp (^(^^z) + ^(^ +1 (g ± ('+ fe - 1 )z) - b l ± \^ l+k h)^ (3-13) 

x exp ( (b^(q^ k+l h) - b^iq^+^z) + 6^+ V (fc+JV M - b^ N+1 (q^ k+N ^ z)\ , 
\i=i+i J 

^(q±h) = e Xp (a»(q±^z)~Y^(b l f( q ^ l h) + b l f + \ q ± ^z))). (3.14) 



1=1 



3.3 Elliptic Superalgebra U q>p (sl(N\l)) 

In this section we give a bosonization of the elliptic superalgebra U qjP (sl(N\l)) for an arbitrary level fc, 
using the dressing deformation [20]. Let us introduce the zero-mode operators Pi,Qi, (1 < i < iV) by 

[A,Qi] = -^ (l<»,i<JV), (3.15) 

where (,ij)i<i../<jv is the Cartan matrix of the classical sl(N\l). In [5D] the bosonization of the Drinfeld 
generator hi_ m (1 < i < N, m € Z) is given by 



- f^ |m| a' m + ^(f (W- 1 )!'"!^ 1 - f (3.16) 
z=i 

AT 

+ ^ (q _(fc+Z)|m| 6^ - (? _(fe+ ^ 1)|m| 6j+ 1 ' Z ) + q -( k + N )\ m \}^N+l _ q -(k+N-l)\m\y,+ l,N+l ^ 



l=i+l 

N-l 

k + N-l 



V™ = g-^'^a^-^^-^l^fo^+q-^l-^W 1 ). (3.17) 



2=1 



Let us set the boson B^ m (1 < j < N,m £ Z^ ) by 

B jm =i^>~ (m>0) ' (3,8) 
| 9 fc|m| ^, m (m<0). 

Theorem 3.2 HUGH The currents E j {z),F j {z),Hf(z) (1 < j < iV) o/ i/ie eZ/iptac superalgebra 
Uq jP (sl(N\l)) for an arbitrary level k are realized by the bosonic operators as follows. 

E 3 {z) = U+{z)x+{z)e 2Q 'z-^ p ^ (3.19) 
F 3 {z) = xj(z)U~(z)z^ p ^\ (3.20) 
Hf(z) = H J (q ± ( r -^z), (3.21) 

Hj (z) : exp ( £ " ) : e***-^+*A,. (3 .22) 

\ m^O [ J<? J 

Here we have used the dressing operators Uj(z), Uj(z) (1 < j < N) given by 

I fl rm \ I „r"m \ 

U+{z) = exp £ r-rB,- m z™ , U-{z) = exp - £ Lt^-^™ ' ( 3 ' 23 ) 



^m>0 1 J9 / V m>0 L J 
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4 g-Wakimoto Realization 



In this section we introduce the g-Wakimoto realization by the £-77 system. We introduce the vacuum 
state |0) of the boson Fock space by 

a jO) = 6«|0) = c«|0) = (m>0). (4.1) 

For complex numbers pi G C (1 < i < N), p\ 3 G C (1 < i < j < N + 1), p% j G C (1 < i < j < N), we 
set 



\Pa,Pb,Pc) (4.2) 
\i,3=l ^ ' V ' l<i<j<7V+l l<i<j<iV 



It satisfies 

a l \Pa,Pb,Pc) =Pa\Pa,Pb,Pc), b^ 3 \p a , p b , p c ) = P b 3 \p a , Pb, Pc) , C^\p a ,p b ,p c ) = p^ 3 \p a , p b , p c ) . (4.3) 

The boson Fock space F(p a ,p b ,p c ) is generated by the bosons aj^&mi c^f on the vector \p a ,p b ,p c ). We 
set [7 9 (sZ(JV|l))-module F(p a ) by 

F( Pa )= F(p a ,p b ,p c ). (4.4) 

P*' 3 =-Pe' : 'e Z (l<i<3<») 

i 7V -t- 1 
Pj' + EZ (l<i<iV) 

We have imposed the restriction p^ 3 = — p 1 ^ G Z, because the cc^ m change Q b J +Q i ( ! J ■ The module F(p a ) 
is not irreducible representation. For instance, the irreducible highest weight module V(X) for U q (sl(2)) 
was constructed from the similar space as F{p a ) by two steps; the first step is the construction of the 
g-Wakimoto realization by the £-r) system, and the second step is the resolution by the Felder complex 
|22j . In this paper we study the £-77 system and introduce the g-Wakimoto realization for U q (sl(N\l)). 
For 1 < i < j < N we introduce 

^ 3 {z) = rtiz-™- 1 =: e^^ :, ?*(z) = £ ^z~ m =: e"^^ : . (4.5) 

m£Z ?tiGZ 

The Fourier components rf$ = § -^j=z m rf^ (z), gjtf — § 27r ^/_ x 1 C ,J ( z ) ( m € Z) are well defined 
on the space F{p a ). They satisfy 

= <W,Q, K;/. //,';'} = = (1; i- j: A ). (4.6) 

= [V%,ti' j '} = =0 * (4.7) 

We focus our attention on the operators t]q 3 ,^q 3 satisfying (t/q 3 ) 2 = 0, (Co'')' 2 — and Im(?7Q'') = 
Ker(r]Q J ), lm(^ ' 3 ) = Ker^' 3 ). The products rf^ 3 Q 3 and £q J ?7o"' are ^ ne projection operators 

'/;; J C f • C;'ii:r l. (4.8) 
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We have a direct sum decomposition. 

F( Pa ) = Vo^o 3 F( Pa ) e tfvtfFiPa), (4-9) 
Ker(r^) = rtf&Ffa), Cokcr(^) = &rtfF(p a ). (4.10) 



Definition 4.1 We introduce the subspace T{p a ) that we call the q-Wakimoto realization. 

yi<i<j<Af y l<i<j<N 

The dressing operators U^{z) and the zero-mode operators P^, Qi commute with rf ,3 . The bosonizations 
commute with the operators rf ,£q j up to sign ±. 

Proposition 4.2 TTie subspace T(p a ) is both U q (sl(N\l)) and U q , p {sl{N\l)) module. 

Let ai, Aj, (1 < i < JV) and (-|-) be the simple roots, the fundamental weights, and the symmetric 
bilinear norm ; (a^, ctj) = Aij, (cti, Aj) = Sij. It is expected that we have the irreducible highest weight 
module V(X) with the highest weight A, whose classical part A = ^2^ =1 PaA i} by the Felder complex of 
the g-Wakimoto realization. We would like to report this problem for U q (sl(N)) and U q (sl(N\l)) in the 
future publication. 
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